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The exact values of Kolmogorov n-widths have been calculated for two basic
classes of functions. They are, on the one hand, classes of real functions defined by
variation diminishing kernels and similar classes of analytic functions, and, on the
other hand, classes of functions in a Hilbert space which are elliptical cylinders or
generalized octahedra. This second case is surveyed and new results are presented.
For n-widths of ellipsoids, elliptic cylinders, and generalized octahedra, upper
bounds for the n-widths are based on the Fourier method. The lower bounds are
based on the method of “embedded balls” for ellipsoids and the method of averag-
ing for generalized octahedra. General theorems concerning elliptical cylinders and
generalized octahedra are proved, various corollaries from these general theorems
are considered, and some additional problems (average n-widths, extremal spaces
for an ellipsoids and octahedra, etc.) are discussed. ~ © 2001 Academic Press
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1. INTRODUCTION

Let H be a Hilbert space and Cc H a centrally symmetric set. For
neZ . the Kolmogorov n-widths of C in H are given by

d,(C, H)=inf sup inf ||x— y| 4,

L, xeC yeL,

n

where the left-most infimum is taken over all n-dimensional linear subspaces
L, of H (see [1-3]).

Let reN and 1<p<oo. Denote by W, (T) (T=[0,2r)) the Sobolev
class of 2zm-periodic functions whose (r— 1)st derivatives are absolutely
continuous and such that

1/p
IX(’)|LP<T)5=U |x<’><r>|f’dt> <l
T

The subject considered in this paper goes back to two papers by Kolmogorov.
In [3] Kolmogorov proved the formula

Aoy A(WH(T), Lo(T)) = doy Wi(T), Ly(T)) =n"".

In the paper of Kolmogorov et al. [4], which was supplemented by
Maltsev [ 5], the equality

N—n

d(BIY,1Y)=
n( 1> 2) N s

(1)
where

.= {xz (X150 Xp)€RY

N
Ix|7:= ¥ |xk|f’}, l<p<o,
? k=1

and BI¥ is the unit ball in /% was, in fact, proved. The authors of these
papers did not actually state that they had calculated n-widths. (This was
noted by Stechkin [6].) Note that the Sobolev class W%(T) is an elliptical
cylinder (it is the orthogonal sum of the one-dimensional space of constants
and a compact ellipsoid) and B/¥ is a regular octahedron in R". We consider
generalizations of these two results.

If (X, ||-]) is a normed space, then we use the following notation:

d(x, A, X)=inf{|x— y|| | y€ A} is the distance from x to 4 in X.
d(C, A, X) =sup{d(x, 4, X) | x e C} is the deviation of C from 4 in X.
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2. n-WIDTHS OF ELLIPSOIDS AND ELLIPTICAL CYLINDERS

An ellipsoid is the image of a ball of a Hilbert space under a linear
continuous mapping. If H and H, are Hilbert spaces, BH is the unit ball
in H, and T: H— H, is a linear continuous operator, then T(BH) is an
ellipsoid which we denote by E(T). Let L be a finite-dimensional subspace
in H,. We call the orthogonal sum of an ellipsoid E(7) and L,

ET)®L={y=y,+y,€H, |y, €ET), y,eL, y, Ly,},

an elliptical cylinder with base E(T) and generalized axis L.

Denote by N, 0 < N < oo the dimension of span E(7). We now calculate
the n-widths of compact ellipsoids and elliptical cylinders with compact base.

Let T be a compact operator. By the Hilbert—-Schmidt theorem (see, for
example, [7, p. 231]) for the self-adjoint compact operator 7'T (7" is the
adjoint operator to 7T') there exists an orthonormal system of eigenvectors
{ex} k=1 with corresponding eigenvalues sz, s | 0, s, #0, such that each
element x € H has the unique representation

X = Z <X, ek> ek+és (2)
k=1
where & € Ker 7. (The numbers s, are called the s-numbers of T.)
The following theorem has been proved by many authors (see Section 5).

THEOREM 1 (n-Widths of Compact Ellipsoids). Let H and H, be Hilbert
spaces, let T: H— H, be a compact operator, let C=E(T)® L,,(dim E(T)
=N, dim L,,=m), and let ne Z ... Then

0, n<m,
dn(CDHl): Sn+17ma m<n<N+ma
0, n>N+m.

The linear, Gel’fand, and Bernstein n-widths satisfy the same equalities.

Proof. We prove the theorem for the Kolmogorov n-width. The
statement of the theorem for the cases where n <m and n> N +m may be
easily checked. Let n < N and for simplicity assume m =0 (the general case
easily follows from this). The upper bound will be proved by the Fourier
method. Let ye E(T); thatis, y=Tx, ||x|z<1. By (2) y=21>1<{x, ) Te,
and |x[3,=%k=1 [<x, ex>* + [[£]17,< 1. Let us approximate y by S, y=
Sr_1<{x, e,y Te,. Then taking into account the orthogonality of the
system { Te,}, we have

ly=S, 7= 2 silxelP<sii Y KxedlP<sii,.
k=zn+1 k=zn+1
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The upper bound is proved. The lower bound will be proved by the
method of embedded balls. We consider the (n + 1)-dimensional subspace

=span{Te,}#+} of H, and show that the set s, BH, N L lies in E(T)
Let y€S,1BH, nL. Then y=3%7%] y, Te, and HJ’HH R VESESShL -
If x=377%] yeex, then it is clear that y = Tx and since

n+1

Z yksk\ >

n+1 k=1

n+1

n+l 2.2
yksk
113 = Z yi= )
k=1

we obtain that s, BH, n L c E(T). By the theorem on n-widths of a ball
(see, for example, [2, p. 12]), which is trivial for a Hilbert space, we have
d(E(T), H\) 2 d(s, 1 BH "L, Hy)=5,.1. |

3. -WIDTHS OF GENERALIZED OCTAHEDRA

In finite-dimensional geometry an octahedron is the convex hull of a
simplex with a vertex at the origin and a simplex symmetric to it. For
octahedra which are so defined there is no known general method for
calculating the n-widths. But it is possible to calculate n-widths for octa-
hedra in RY which are the convex hulls of the vectors {+ /i), 1<k<N,
obtained from one vector K= (k,, .., k) by cyclical permutation. Such
octahedra may be considered Sobolev classes W{(Z y) consisting of functions
y=(y1, ., Yn) on the cyclical group of order N defined by a convolution

WHZy)={yeRY|y=Kx*x, |Ix|y<1},
where x = (xq, .., Xy), V;= ?;1 ki, ;—1x;, and the summation is carried
out modulo N. The regular octahedra can be defined in this same way as
a convolution class on the cyclical group Z, with the kernel K equal to 1
at the zero of the group and 0 at all other elements.

This gives us the possibility of considering generalized Sobolev classes of
so-called sourcewise represented functions which are similar to generalized
octahedra.

First we recall some definitions (details may be found in [8]). Let G be
a compact group with Haar measure x (u(G)=1). Let {T*},.., (where
o/ 1s at most a countable set) be a complete system of finite-dimensional
nonreducible unitary representations of G. For each ae.</ we denote by

t5(+), i, j=1, .., n,=dim T, the matrix elements of the representation 7
in some orthonormal basis. These functions are continuous and the func-
tions ﬁ (- )}, o€, i, j=1,..,n, form an orthonormal basis in
L,(G). Note that if G is an Abelian group, then all representations 7°%
a€ .o/, are one-dimensional. For each ae./ and 1<j<n, set Hf=
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span{#}(-)|i=1, .., n,}. The space L,(G) is represented as the direct sum
of those spaces which are left-translation-invariant.

A set X is called a homogeneous G-space if the group G acts transitively
on X—in other words, if there exists a map Gx X — X, (g, x) - gx, such
that (g,g,) x=g,(g:x), ex=x (e is the unity element of G) for all
g1, 2,€G and xe X, and in addition for every x,, x, € X there exists a
g€ G for which x, = gx,. It is obvious that any group G is a homogeneous
G-space with respect to the operation (g, g,) — £¢,.

Let xoe€X, let H={geG|gx,=x,}, and let G/H be the set of (left)
residue classes of group G on the subgroup H. Consider the map p: X —
G/H which associates x with the residue class gH such that gx,=x. The
map p is a one-to-one mapping. Thus any function on X may be considered
as a function on G which is constant on the residue classes. By virtue of
this fact, for any topological homogeneous G-space X with compact group
G and measure v invariant with respect to G (that is, v(4)=v(g4) for any
measurable subset 4 = X and g € G), the structure of L,(X) is analogous to
the structure of L,(G). More precisely L,(X) is a direct sum of at most an
enumerable set of finite-dimensional subspaces H, invariant with respect to
G consisting of continuous functions.

We will need the following auxiliary result.

LEMMA 1. Let X be a topological homogeneous G-space with compact

n

group G and probability measure invariant with respect to G. If {e,(-)}7_,
is an orthonormal system of continuous functions from L,(X) such that L, =
span{e.(-)} 7 _, is invariant with respect to G, then

Y led )P =n.
k=1

Proof. For x e X consider the function

n

Sl =2 elx) exl-).

k=1

If y(-)e L, then it is clear that
<y Exl(4)) = p(x). (3)
Let x;, x, € X and g € G such that

Xp = gX;. 4)
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Using the invariance of the measure, (3), and (4), for every y(-) € L,, we have

() €8> =g ), & )> = (g 1x0) = p(xy) = (), &4 ()
Thus £, (g-)=¢,,(+). Substituting here x; we obtain that

Y le(x)?= Y lex(xy)]>=C.
k=1 k=1

Since the given measure is a probability measure and the system {e,(-)}%_,
is orthonormal we have

n

C=[ ¥ lewx)I> dutx)=n. 1

X k=1

Let X be a topological homogeneous G-space with compact group G and
probability measure invariant with respect to G. As was mentioned, in this
case L,(X) may be represented in the form

X): z Hk’ dimsznk<OO,
k=1

where the H, are shift-invariant spaces of continuous functions. Consider
the classes of functions represented as convolutions with kernels

Z Z ykjekj ek]( ) (5)
k=1 j=1

where the {e;;(-)} o is an orthonormal basis for H, of continuous func-
tions and y;; € C are such that

Y me max |yyl? < oo. (6)

k>1 1<j<m

The function K(-, -) induces the operator

Ax(1) :f K(t, 7) x(7) du(z).

X

We show that A4 is a continuous operator from L,(X) into L,(X). Indeed,
by the Cauchy-Bunyakovsky inequality for all 7€ X

|Ax(1)] <L{(|K(h )2 [x(0))'? |x()]2 du(z)

1/2
< (L{ IK(t, 7)]? |x(7)] dﬂ(z)> (1.



n-WIDTHS IN HILBERT SPACE 103

Squaring this inequality, integrating it, and then changing the order of
integration, we obtain

14X )12 < I3, oy 5P [ 1K (5 )2 da(7)

teX X

= Hx(')Hi](X) sup | K(¢, ')Hiz(X)-

teX

According to the Parseval equality for all e X

[ K(z, HLZ(X) Z Z |ykj |ek, |

k=1 j=1

By Lemma 1 2;7(:1 les;(1)]* =n,. In view of (6) we have that | K(z, Mo <C
Therefore A: L,(X)— L,(X) is a continuous operator.
Set

WEX) ={y(-) e Ly(X) | y(-) = Ax(-), |x( )l £, < 1}

THEOREM 2. Let X be a topological homogeneous G-space with compact
group G and probability measure invariant with respect to G. Let K: X x X - C
be a function of the form (5), where the y,; satisfy the additional condition
1Pij| = Ans 1 <<y, k= 1. Assume that {2, } >, are in decreasing order. Then
foralln=n,+ --- +n;

d(WKX), L, ( v lknk>l/2.

k=s+1

Proof. Since W¥(X)=clco{K(-,7)}.cx it is sufficient to prove the
statement of the theorem for the set {K(-, 1)}, cx-

The Upper Bound. We use the Fourier method to project our class onto
the subspace L,=span{e(-)|1<j<m, 1<k<s}. Then for any reX
using the Parseval equality, the hypothesis of the theorem, and Lemma 1,
we have

dz(K( ) T)a Ln’ LZ(X)) = Z ;“ink'

k=zs+1

Hence the required estimate follows.
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The Lower Bound. We use the method of averaging. Let L, be an
n-dimensional subspace of L,(X), and {f,}% _, an orthonormal basis
of L,. Then for all te X

n

dz(K('a T)a Lna LZ(X)) = ”K(7 7‘-)HiZ(X)_ z

m=1

| Ko iduto) . ()

In view of the hypothesis of the theorem and by Lemma 1 we have

[K(-, HLZ(X) Z Z |ij |€1q )|2

k=1 j=1

=) i Z leg(D)12=Y A2n. (8)

k=1 j= k=1
Furthermore,
2
| Ko 0 dun) =| ¥ Y P | ey0) 1,00 du(n
k=1 j=1

Substituting it and (8) into (7), integrating the obtained expression, and
using the Parseval equality with the hypothesis of the theorem, we obtain

| @K, 0), Ly La(X)) duz)

X

- Y An- ¥ T 3 bl jxek,.mmdﬂm

k=1 m=1 k>1 j=1
ny 2
— Y im- Y LY [ e Tndun) . ©)
k=1 m=1 k>1 j=1

For k>1 set

n ny 2

b= Y X || ewn 700 dutr)
m=1 j=1 1"X

It is easy to check that 0< ¢, <my and X ;- é=n;+ --- +n,. Consider
the problem of linear programming

Y Ao max, 0<c¢<ny, S oce=n+ - +n,.
k>1 k=1
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The solution of this problem is evidently
Ce=ng, 1<k<s, =0, k=s+1

(we recall that A; >7,> ---). Thus we obtain the lower bound for the
left-hand side of (9)

ce=n;, 1<k<s, =0, k=s+1.

Standard arguments now lead to the required estimate. ||

4. COROLLARIES FROM THE GENERAL THEOREMS

We begin with n-widths of convolution classes of functions defined on
a compact group. Let G be a compact group and let K(-)e L,(G). The
operator of convolution is defined as

Tx(g)=| Kgs™")x(s) du(s). (10)

G

It is a compact operator from L,(G) into L,(G). Moreover, it follows from
the Minkowski inequality that (10) is a continuous operator from L,(G)
into L,(G). Set

WHG)={y(-)eLy(G) | y(-) = Tx(-), [x() <1},  p=12

THEOREM 3. Let G be a compact group and let K(-) € L,(G) be such that
its Fourier coefficients cj; when expanded in the orthonormal basis e3(-) =
Vs (5), aedd, i, j=1,..,n,, satisfy the condition: for any o€/ the

matrix C,=(c}; i has the form 2,U,, where 1, €C and U, is a unitary

matrix. Assume that { A, /\/ni} = is the sequence {.,/\/ Ny} 4 oo Ordered in
decreasing order. Then for all m>=1 (ny=0)

(1) for any n such that n3+ --- +n2,_,<n<ni+ --- +n,
Ll

b
vV Ny,
2

(2) forany n=ni+ --- +n2_,+n,s,,, where 1 <s,,<n,,

d(W3(G), Ly(G))

1/2
dn(Wf(G),Lz(G))=<I/1m|2(nm—Sm)+ ) Iiklznk> .

k=zm+1
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Proof. (1) Using properties of the matrix elements

My

158182)= Y, (g t5(g2), @) =txg™ ),
k=1

we have

n, ny 1 My
K(gs™h) =3 Y cpeflgs™ =2 X g Y enlg) enls).
k=1

aeod i,j=1 aced i, j=1 Ny (11)

It is easy to verify that if x =(x, .., x, ) is an eigenvector of C,C, for the
eigenvalue A, then for all 1<k<n, the functions Z;fa: L Xeqn(-) are
eigenfunctions for 7'T with eigenvalue i/\/nj. Consequently, s; are the
s-numbers of 7'7T. It remains to use Theorem 1.

(2) By (11) we have

R

1 Va T
Kigs™= €i(2) Y cenls)
Set
e(g)
Ei(g):= :
e:ak(g)
Then
1 il _
K(gs™h) =) Y, (E¥(g), CLEWs))s
aeAd Ny k=1
/1“ & a I 7 o
= Z z (Ek(g)a UocEk(S))ou
ae A Ny k=1
where
(a, b),:= i a,b_,

T
0
V U, V= 0 =1,,
Vo
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where [y¥[=1, j=1, .., n,. Set

%(g)
Fig)=V.Exg) = :
:“k(g)

Then E{(g)=V}F%(g), f%(g) is an orthonormal basis, and

A
K(gs™h)= -
ugA VBl k=1
s la o
= z Fi(g), V,UJVEF(s)),
Z ﬁna ( k(g) t )

)\/ n(l

Y i fag) fils).
NN

a
n

aeA

Using Theorem 2 we obtain the desired equality. ||

COROLLARY 1. Let G be a compact Abelian group, let K(-) e L,(G), and
let ¢;, j=1, be Fourier coefficients of K in an orthonormal basis formed by

characters of the group. Assume that the c; are arranged in decreasing order.
Then for all ne Z .

d(W3(G), Ly(G)) =|c, 1],

4LOVEG). LG)=( ¥ |c,~|2>m.

j=n+1

COROLLARY 2. For K= (k,, ..., ky) set
N
¢=Y ke 2mU—DmN,
Assume that c; are arranged in decreasing order. Then for all ne 7 ,
d,( Wf(ZNL Ly(Zy))=lcnsnls

1 12
LV LD =5 T Iof)

j=zn+1
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If K=(1,0,..,0), then from the last equality we obtain (1).

Let
d+1
> xf=1}

Jj=1

§d={x=(x1, ceny xd+1)e|Rd+1

be the unit sphere. It is known (see [9]) that L,(S?) =Y _, H,, where

k d+k—1

(H, is the set of spherical harmonics of order k). Let { Yk} , be an
orthonormal basis of H,. For the Laplace operator 4 and any x( )e H, the
equality

Ax(-) = = ()

holds where 1, = k(k +d—1). For a > 0 the operator ( —4)*? is defined by

xkj ij( . )a

1

(— <z/2 2

where x(-) e L,(S?) and x(-)=3" 0 Xy Xig Y5(-).
Set

I Mg

J

W5(S?) = {x(-) € Ly(ST) | (=)™ x(-)l| 14y < 1}
It is easy to check that this class can be represented in the form
W3S = {x(-)e Ly(S) |x(-) = c+ Ty(-), c€ R, | ()l sy < 1, p(-) L1},

where for p(-) =37 X% |y Y()

-y Z APy Yy (.

k=1 j=1
COROLLARY 3. Letng+ -+ +n,_<n<ng+ --- +n,. Then
d(W3(S9), Ly(S*)) =2, "2

The class W%(S?) for d=1 and a=reZ, coincides with the Sobolev
class

WH(T) = {x(-) € Ly(T)|x*~V(-) abs. cont, [x(-)] .,y <1}.

In this case i, =k? ny=1, n,=2, k> 1. Thus we obtain
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COROLLARY 4. ForallneZ

1
d2n—l( W;(T), L2(T)) = d2n( W;(T)’ LZ(T)) =

One does not obtain results similar to those obtained in Corollary 3 and
4 for the classes W%(S) and W’(T). The reason for this is the additional
condition y(-)L 1 which does not permit us to apply Theorem 2. Some
estimates of d,(W/(T), L,(T)) may be found in [2, p. 101].

5. AVERAGE WIDTHS

In this section we calculate exact values of average Kolmogorov widths
for some classes of functions defined on R¢ and Z¢ in the L, metric. We
begin with the definition of the average dimension of a subspace. Let
G =R or Z% and u be the Lebesgue measure on G if G =R and discrete
measure if G=7% Let .«/(G) be the set of positive numbers if G=R? and
the set of natural numbers if G =27 Assume that 4 is a subset of L,(G)
(1<p< ) and ae o/(G). Denote by A4, the restriction of 4 to the set

O,={t=(t1, . 1) €G||t;| <o, j=1, .., d}.

Let L be a subspace of L,(G). For every ¢ >0 and « € .«/(G) consider the
value

K, L, L(G))=min{neZ, |d, (L BL,G)),. L,(0,))<e}.

where BL,(G) is the unit ball of L,(G). It is clear that K (a, L, L,(G)) is
the minimal dimension of a subspace of L,([J,) which approximates the
set (L N BL,(G)), to within . It is easy to check that for every ¢>0 the
function a— K,(«, L, L,(G)) does not decrease, and obviously for every
a> 0 the function ¢ > K,(a, L, L,(G)) does not increase.

The average dimension of L in L,(G) is defined as

_ Ko L L
dm(L, L,(G)) = lim lim inf 2o L2 Lol D)
e—>0 a— o )uG(Doc)

It is clear that dim(L, L,(Z))<1.

We shall formulate here one result about average dimension of func-
tional spaces which we later need. Let G* be R? for G=R? and T (a
d-dimensional torus) for G=Z% Let ug« be the Lebesgue measure on G*
divided by (27)% (The last condition is connected with the fact that ug is
the natural Haar measure on G as on a locally compact Abelian group and
g+ 18 just the Haar measure associated with it on the dual group G*.)
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Let A be a subset of G* and 1 <p < o0. Set
By, (G)=1{x(-) € L,(G)|supp £(-) = A},

where supp X(-) is the support of Fourier transform of x(-) (x(-) is con-
sidered as a distribution). It is clear that %, ,(G) is a subspace of L,(G).

Recall that a set 4 < G* is called Jordan measurable if its characteristic
function is integrable in the sense of Riemann. The following two theorems
(Theorems 4 and 5) were proved in [ 10, 11] for G = R? In the general case
these theorems may be proved in much the same way.

THEOREM 4 (About Average Dimension). Let G=RY or Z¢ let A be a
Jordan measurable subset of G* with finite measure, and let 1 <p < oo0. Then

dim(%,, ,(G), L,(G)) = pg+(4).

The notion of average dimension leads at once to the corresponding
analogue of Kolmogorov n-width. Let C be a centrally symmetric subset of
L,(G) and v=>0. The Kolmogorov average v-width of C in L,(G) is defined
as

d(C, L(G))=inf sup inf [x(-) = y(-)lz, (6)

L x(-)eC y(-)eL

where the first infimum is taken over all subspaces L of L,(G) such that
dim(L, L,(G)) < v. Any subspace for which this infimum is attained we call
an extremal subspace for d.(C, L,(G)).

The following analogue of the theorem holds about widths of a ball for
average widths.

THEOREM 5 (About Widths of a Ball). Let A = G* be a Jordan measurable
set, let v>0, and let ug«(A)>v. Then

d(B, ,(G) " BL,(G), L(G))=1.

We calculate the exact value of the average width in L, for the set C
which is a convolution class of functions defined on G. If K(-) € L,(G), then
the operator of convolution with this kernel x(-) — K * x(-) is obviously a
linear continuous operator from L,(G) into L,(G). Set

W3(G)={y(-)e Ly(G)| y(-) = (K*x)(-), [x(-)] ,,(G) < 1}.

Denote by Z(-) the Fourier transform of the function z(-) € L,(G).
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THEOREM 6. Let K(-)eL,(G)NnL,(G), let v>0 if G=R? and let
0<v<l if G=7% Then

d(W3(G), Lo(G)) = K*(v),

where K*(-) is the non-decreasing permutation of K(-). Moreover, the space
By, 2(G), where A(v)={teG*||K(z)| > K*(v)}, is an extremal space for
d(W3(G), Ly(G)).

Proof: The Lower Bound. We use the method of “embedded balls.”
For every y>0 consider the set 4(y)={reG* |K(r)| >y}. Since K(-)e
L,(G) the function K(-) is continuous and K(7) —» 0 as |t| —» o0 if G=R%
Therefore the set 4(y) is Jordan measurable. We prove that

-@A(y),z(G) NyBL,(G) < Wf(G) (12)

Indeed, let y(-) belong to the left-hand side of (12). Assume that x(-)e
L,(G) is defined by the condition: X(7) =0 almost everywhere if 7¢ A(y)
and £(7)=K'(7) §(r) almost everywhere if teA(y). Thus y(-)=
(K= x)(-) and we have to show that |x(-)|l.,s <1. By the Plancherel
theorem

X ge = IR0 ()P de= | |R(2) 507 de

G A(y)

<2 [ P A<y () e <1
A(y)
that is, y(-) e WX(G).
Now y >0 is such that ugz+(A(y)) >v. By Theorem 4

dim(Z(;), 2(G), Lo(G)) = pg+(A(y)) > v.

Then by Theorem 5 (taking into account the obvious property of homogeneity
of these widths) we obtain

dv(g"A(y), 2(G) NyBL,(G), Ly(G)) =y.

From this and (12), using the monotonicity of widths it follows that

Passing to the supremum in this inequality over all >0 for which
Ug+(A(y))>v (in view of the continuity of K(-) this is equivalent to
passage to the supremum over all y >0 for which ug«(A(y)) = v) we obtain
the required lower bound.
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The Upper Bound. This is based on the approximation of WX(G) by the
Fourier method. Let y =y(v) be such that ug+(A(y))=v (it is clear that in
this case y = K*(v)). By Theorem 4 diim(;%’A(y)gz(G), L,(G))=v. With every
y(-)=(K * x)(-) e WX(G) associate the function 7(-)e B 4(5),2(G) such that
() =xan(-) P(-), where y,,(-) is the characteristic function of the
set A(y). By using the Plancherel theorem and the definition of WX(G) we
estimate || y(-) —#(-)ll.,c and obtain the required upper bound. |

The next result is the analogue of (1) for average widths.

THEOREM 7. Let 0<v< 1. Then

gv(Bll(Zd)’ 1(2)) = 1-n

Proof. The arguments do not depend on the dimension d so for
simplicity we consider the case d=1.

The Lower Bound. Let L be a subspace of I,(Z), let dim(L, I,(Z)) <v,
and let ¢> 0. Assume that {N,} is a subsequence of natural numbers such
that

K,.(N, L, 1,(Z K L, 1,7
llm lnf a( s L l2( )) — llm s(Nka s 12( )) . (13)

By the definition of average dimension, for every k there exists a subspace
M, <= ZM*1 such that

d((L A BIZ)), My, 1241 <, (14)
dim M, <K,(Ny, L, 1,Z)). (15)

Let xe BI?Ne*!. Extending x by zero to Z we obtain x e Bl;(Z) and
consequently x € Bl,(Z). Let ye L and ze€ M, be such that

1y =zl et =d(y, My, 15V, (16)

Then using the triangle inequality, (16), (14), and again the triangle inequality,
we have

1 = Ylliyz) = X =yl 2t =[x =z 2t — ||y — 2] 2
>d(xa Mka liNk+l) _d(ya Mk’ lgNk-'_l)
=d(x, My, lﬁNk“) =&yl

=d(x, My, 1§N"“) —ellx— yl\;z(z)—s HXHIZ(Z)-
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Consequently,
(142) % = Yl > dix, My, 12%+1) —.
Hence,
(1+¢&) d(BI\(Z), L, 1(Z)) = d(BENe Y, My, I3Vt ) —e. (17)

From (13) (taking into account (15)) it follows that for every 0 <d <1 —v
there exists k, such that for all £k >k,

dim M, <K (N, L, [,(Z)) < (v+0)(2Ny+ 1).

Put N(k)=2N,+1 and n(k)=[(v+0J)(2N,+1)]. Then dim M, <n(k)
< N(k). Taking into account these inequalities, (17), and (1), we have

(1+¢)d(BI\(Z), L, I(Z) = d(BIY®, 17*) —¢
= 1—;((]2)—82 1—(v+d)—e.

In view of the arbitrariness of ¢, J, and L we obtain the required lower
bound.

The Upper Bound. Let ¢>0 and let the numbers n, Ne N be chosen so
that n < N and (n/N) <v<(n/N)+¢. Denote by L, y a subspace of /5 with
dimension at most n which is extremal for d,(BIY,[%). We consider this
subspace as a subspace of functions on Z with support on {0, 1, .., N—1}.
Let e;(-), i=1,., N, be a basis for L, 5. If keZ, then the functions
e;(-+kN),i=1, .., N, form a basis in the space of all functions from L,
shifted by kN. Denote by L the set of functions y(-) defined on Z which
have the form y(-)=Y,.7 37, xze(-+kN), where Y, ., 37| x7,< 0.
It is clear that L is a subspace of /,(Z).

We show that dim(L, /,(Z)) <v. Indeed, denote by L,, the restriction of
L to { —mN, .., mN}. It is easy to see that dim L,, <2mn + 1 and therefore

- 2mn+1 n
dim(L, ,(Z)) <lminf ————=—< .
im(L, 1p(2)) <him inf 57 m =<

Denote by M, the restriction of L to 4, ={kN, .., (k+1)N—1}.

Now let xe B/{(Z) and let x, be the restriction of x to 4,. Since x; €
(X 1 v BIY and M,=L, y (if L, 5 is considered as a set of functions
defined on 4,), there exists y, € M, for which

ek = yiell sy /1= (0/N) || x|l (18)
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Let y e L be a function such that the restriction of y to 4, equals y,. Then
using (18) and the mean inequality we have

12 P 12
|X_J’|12(Z)=< Y |xk_yk|12N> < 1_N< > |xk?N>
keZ 2 kez !
n n
<J1-% T Ialy= f1-5 e
€

< 1—%<1/1—V+6.

In view of the arbitrariness of ¢ we obtain the required estimate. |

We note here one general fact which in particular enables us to obtain
at once a series of extremal spaces for the widths d,(B/Y, %) and
d,(BI(Z7), 1)(Z)).

Let G be a locally compact Abelian group (LCAG), let G* be the dual
group to G (that is, the group of all continuous characters on G), and let
ch(g, g*) be the value of g* e G* at the element ge G. We define by ug
(1 g+) the Haar measure on G (G*).

For every x(-) e L{(G) the function £(-) defined on G* which is given by
the formula

)?(g*)=f6 x(g) ch(—g, &%) dug (19)

is called the Fourier transform of x(-). By (19) it follows that £(-) is a
continuous function and

IXC)  eon < X 2,69 - (20)

The Fourier transform can be extended up to an isometric operator from
L,(G) onto L,(G*) (this extension we define by the same symbol £(-)).
Thus we have the Parseval equality

10 2,60 = X | 264 - (21)

If G is a discrete group, then the dual group G* is compact and we shall
usually assume that pug«(G*)=1.
Let A4 be a nonempty subset of G* and p=1 or 2. Set

By, p(G) =1{x(-) € L,(G)|supp £(-) = 4},

where supp X(-) is the support of £(-). It is clear that #, ,(G) is a subspace
of L,(G).
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ProPOSITION 1. Let G be a discrete LCAG and let A be a measurable
subset of G*. Then L,(G) is embedded in L,(G) and

d(BL\(G), B4,5(G), Ly(G)) < /1 —pg+(A4).

Proof. Let x(-)e BL,(G) and let the function y(-) € L,(G) be such that
P(-)=yxa(-) R(-) (x4(+) is the characteristic function of A). It is clear that
y(-)e B, ,(G). Using (21) and (20), we have

) =yl = "I i < 1) ey | diter

< Hx(')Hil(G) (1 —pgx(A4)) <1 —pgs(A).

If we take here x(-) € L1(G) and y(-) =0, then we obtain that [|x(-)| ., <
[X(-)]l £ () This means that L,(G) is continuously embedded in L,(G). 1

We apply this result to the problems mentioned above.

1. The space lﬁ’, 1 <p < oo, can be considered as L,(G), where G =
Zy=1{0,1,.., N—1} is a finite discrete Abelian group with the operation
of addition modulo N. Characters of this group are the functions k —
exp(2nkl/N), ke Z,, where 0 <I<N—1. Therefore we can identify the
dual group Z% with Z,. Let n <N and 4 = {ljl’ vy lin} c Z%. It is clear that
Uz(A)=n/N. Consider the space L, = span{exp(27zilj1 “/N), .., exp(2nil; - /N )},
dim L,=n. From Proposition 1 and (1) it follows that L, is an extremal
subspace for d,(BIY, 1Y).

2. Let A< T? be Jordan measurable, uy«(A)=v, 0 <v< 1. Consider
the space L,={x(-)el,(Z?)|supp £(-)=A}. By Theorem 4 we have
dim(L,, I,(Z%)) = v. Now from Proposition 1 and Theorem 4 it follows that
L, is an extremal subspace for d (BIl,(Z%), I,(Z?)).

6. COMMENTS

Various statements which are equivalent to Theorem 1 were proved by
many authors (see [ 2, 12-15]). Of course this result was known to Kolmogorov
who considered in [3] only particular cases of elliptical cylinders.

In a finite-dimensional space n-widths of regular octahedra were in fact
obtained in two papers, [4] (the upper bound) and [ 5] (the lower bound).
It is interesting to note that Kolmogorov in 1948 did not take into con-
sideration that in these papers d,(BIY, I5) were calculated. This fact was
noted by Stechkin [6], who used it to find asymptotic values of n-widths
for functional classes.
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There is one more type of octahedra for which it is possible to calculate
exact values of widths. They are octahedra with different axes

Bl¥(a) := {x e R

N

X
Y |k|<1}, a,= - =ay.
k=1

For the dual case Smolyak [16] found the exact values of the linear (4,)
and Gel'fand (d") n-widths,

J(BIY(a), 1Y) =d"(BIY(a), I¥) =max | ——"
m>n Zk_lak

For the Kolmogorov n-width d,(B/,(a), /,) the exact result was obtained by
Sofman [ 17, 18] (see also [19]).

In the continuous case estimates for the n-widths of generalized octahedra
and even more general sets (images of compacts under continuous transforma-
tion in the Hilbert space) can be obtained using results such as a theorem of
Ismagilov [ 20] which is based on the method of averages (we demonstrated
this method in the proof of Theorem 2). Ismagilov cited Obukhov [21] as
a predecessor in using the method of averages. Several statements of a
similar type which are used to calculate exact values of n-widths for classes
of analytic functions can be found in [22-24]. In those papers the dual
situation is considered and the exact values of linear, Gel'fand, and
Bernstein widths of WX(X) in C(X) are found. In the dual case using the
Hilbert space structure it is possible to calculate the exact values of
n-widths for W%(S?) and W%(T).

The concept of average dimension takes its beginnings from the defini-
tion of “average entropy” for stochastic signals with bounded spectrum,
which was given by Shannon [25]. Kolmogorov further modified this
definition for determined functions. Then Tikhomirov [26] defined the
notion of average dimension replacing entropy by Kolmogorov n-widths.
The definition of the average dimension used in this paper is a modification
of Tikhomirov’s definition. The notion of the Kolmogorov average widths
is due to Magaril-II’yaev.
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